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Korteweg-de Vries equation
ut + 6uux + �2uxxx = 0

� = 0.01
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Different values of ε
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KdV and asymptotic 
solution

✏ = 0.01

T. Grava and C. Klein, Numerical solution of the small dispersion limit of Ko-

rteweg de Vries and Whitham equations, Comm. Pure Appl. Math., Vol. 60(11),

1623-1664 (2007).
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KdV, Whitham averaging and 
weak Hopf solution
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Point of gradient 
catastrophe

• Dubrovin: universal behavior, solution near breakup characterized by cu-
bic, u � x1/3, multi-scale expansion

• solution given by fourth order equation, generalization of Painlevé I (xc,
tc, uc: quantities at breakup)

�6TF + F 3 + FF �� +
1
2
(F �)2 +

1
10

F ���� = X

u(x, t, �) = uc +
� �

k

�2/7
F (X)
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X = �1
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k

�1/7
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PI2 solution on the real 
axis, time dependence
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T. Grava, A. Kapaev, and C. Klein On the tritronquée solutions of P2
I , Constr.

Approx. 41, 425–466 (2015).
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KdV and PI2 near 
breakup
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Non-integrable PDEs
generalized KdV equation

u
t

+ unu
x

+ ✏2u
xxx

= 0
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B. Dubrovin, T. Grava and C. Klein, Numerical Study of breakup in generalized

Korteweg-de Vries and Kawahara equations, SIAM J. Appl. Math., Vol 71,

983-1008 (2011).
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gKdV, small dispersion
u0 = sech2

x, ✏ = 0.1 n = 4
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gKdV, small dispersion
u0 = sech2

x, ✏ = 0.1 n = 4
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gKdV, small dispersion
u0 = sech2

x, ✏ = 0.01 n = 4
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gKdV, small dispersion
u0 = sech2

x, ✏ = 0.01 n = 4
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Fitting to rescaled soliton

1.9 1.92 1.94 1.96 1.98 2
0

0.5

1

1.5

2

2.5

3

x

u

✦ Martel, Merle, Raphaël 2012: selfsimilar blow-
up, blow-up profile dynamically rescaled 
soliton C. Klein and R. Peter, Numerical study of blow-up in solutions to generalized

Korteweg-de Vries equations, Physica D 304-305 (2015), 52-78
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Scaling
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• blow-up time t⇤ always greater than critical time tc of Hopf (✏ = 0)

• exponential dependence of blow-up time t⇤ on ✏, finite number of solitons
appear before blow-up, fastest blows up

• universality?
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gKdV, small dispersion
u0 = sech2

x, ✏ = 0.001
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Kadomtsev-Petviashvili 
equation (KP)

• nonlinear dispersive waves on the surface of fluids, essentially one-dimensional
propagation of the waves with weak transverse e�ects
KP I (� = �1): strong surface tension,
KP II (� = +1): weak surface tension

�x

�
�tu + u �xu + �2�xxxu

�
+ � �yyu = 0, � = ±1,

• evolutionary form

�tu + u �xu + �2�xxxu + � ��1
x �yyu = 0, u

��
t=0

= uI(x, y).

anti-derivative (Fourier multiplier)

��1
x f(x) :=

1
2

�� x

��
f(�) d� �

� +�

x
f(�) d�

�
,
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Consequences of nonlocality
• constraint on initial data u0(x, y):

R
R u0,yy(x, y)dx = 0,

- satisfied: solution to Cauchy problem smooth in time,

- not satisfied: constraint satisfied 8t > 0

(Fokas-Sung 1999, Molinet-Saut-Tzvetkov 2007)

• Schwartzian initial data in general lead to algebraic fall

o↵ of the solution

Ablowitz-Villaroel 1991
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Dispersionless KP
• dispersionless KP equation (Kohklov-Zabolotskaya equation)

(u
t

+ uu

x

)
x

= ±u

yy

• characteristics of the Hopf equation (see also Manakov-Santini)

⇢
u(x, y, t) = F (⇠, y, t)
x = tF (⇠, y, t) + ⇠

• transformed equation

F

t

= @

�1
⇠

F

yy

+ t(F
⇠

@

�1
⇠

F

yy

� F

2
y

), F (⇠, y, 0) = u(x, y, 0)

numerics: longer existence time of smooth solution than for dKP solution

T. Grava, C. Klein and J. Eggers, Shock formation in the dispersionless

Kadomtsev-Petviashvili equation, arXiv:1505.06453
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Conjecture: break-up in KP 

u(x, y, t; ✏) = uc+
6

nun�1
c

✓
✏2

2

◆ 1
7

U

✓
X

(✏6)1/7
,

T

(3✏4)1/7

◆
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2 +

1

6
Gc

yyy ȳ
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B. Dubrovin, T. Grava, and C. Klein, On critical behaviour in generalized
Kadomtsev–Petviashvili equations, arXiv:1510.01580
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Critical time
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time dependence
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Figure 3: Solutions to the KP I equation in the upper row and KP II equation in the
lower row with ✏ = 0.01 for the symmetric initial data (4.1) on the left for t = 0.204 < t

c

,
in the center for t = t

c

and on the right for t = 0.24 > t
c

on the y-axis near the critical
point x

c

⇡ �1.79 in blue and the corresponding asymptotic solution (2.21) in terms of
the PI2 transcendent in green.

for the data (4.1). It occurs at the time t
c

⇡ 0.3001 at x
c

⇡ �2.033 for KP I and �x
c

for KP II. The behaviour of the solution of KP I near the critical point (x
c

, t
c

, y
c

) is
shown in Fig. 4 in the upper row. It can be seen that the PI2 asymptotic description
(2.21) is slightly worse than at the first breaking, it is again somewhat shifted towards
the left.

The same situation for KP II can be see in the lower row of Fig. 4. Here the
asymptotic solution is as for the first breaking in KP II shifted towards the right.

4.3 Nonsymmetric initial data

Both the numerical approach to dKP in [25] and the asymptotic formula (2.21) are
applicable to non symmetric initial data as for example in (4.2). For such data, we
could not reach the second breaking, but the first break-up is well resolved. The KP
I solution for these data can be seen in the upper row of Fig. 5 at the critical time
t
c

⇡ 0.0855 in the vicinity of the critical point x
c

⇡ 0.1045 and y
c

⇡ �0.2566 on
the left. Visibly the PI2 asymptotic description (2.21) captures well the onset of the
oscillations, also in dependence of y�y

c

. The corresponding situation for KP II can be
seen in upper row of Fig. 5 on the right. The PI2 asymptotic solution (2.21) matches
also well with the KP II numerical solution.
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Figure 4: Solutions to the KP equation with ✏ = 0.01 for the symmetric initial data (4.1)
at the critical time t ⇡ 0.3001 of the second break-up in blue and the corresponding
asymptotic solution (2.21) in green; on the left in the vicinity of the critical point, on
the right on the y-axis, in the upper row for KP I, in the lower row for KP II.
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Figure 8: Solution to the KP I (left) and KPII (right) equations with ✏ = 0.01 for the
symmetric initial data (4.1) for t = 0.4 > t

c

' 0.22. The KP I focusing e↵ect can be
observed from the di↵erent scales in the u-axis of the two plots. A zoom in of these
plots is shown in Fig. 9 and Fig.10 respectively.

essary resolution to address these questions with the needed resolution (we use here
N

x

= 213 and N
y

= 212 with N
t

= 5000 up to N
t

= 20000). The figures shown below
have thus to be seen as indicative with the goal to outline directions of future research.

6.1 Solution to the KP equations for symmetric initial data

In Fig. 8 we show the dispersive shock waves that are formed in the KP I and KP II
solutions for the initial data (4.1) at t = 0.4 > t

c

i.e. well after both break-ups. In
Fig. 9 we zoom in the oscillatory zones in the KP I solution. The oscillations appear
near the two critical points discussed in section 4. It can be seen that the oscillations
follow a parabolic pattern initially as suggested by the asymptotic formula (2.21).
But the focusing e↵ect of the KP I equation appears to lead to the formation of a
cusp. This is presumably a real e↵ect and not related to a lack of resolution since a
similar behavior was seen in [35] where considerably higher resolution could be used.
The analogy between KP and NLS suggests that this cusp could be related to higher
genus solutions appearing in the asymptotic description of the oscillations. For times
closer to the critical time, the PI2 asymptotic (2.21) in the lower row of Fig. 9 gives
a qualitative approximation to the oscillations both for the parabolic shape and the
number of oscillations. For larger times, the PI2 asymptotic has considerably more
oscillations.

The corresponding KP II solution can be seen in Fig. 10. Due to the defocusing
character of KP II, the oscillations have a parabolic pattern at least in the range of
times we considered. It is unclear whether some sort of cusp will appear at later times

23

t � tc

KP I KP II
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Oscillatory zones in KP I

Figure 9: Solution to the KP I equations with ✏ = 0.01 for the symmetric initial
data (4.1) for t = 0.4 > t

c

' 0.22; in the upper row on the left the dispersive shock
wave appearing first, on the right the dispersive shock wave appearing at a later time
(t

c

' 0.3), in the lower row the corresponding PI2 asymptotic solutions (2.21).
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KP I

u(x, y, 0) = �@

x

sech2(R),

R =
p

x

2 + y

2

� = �1

C. Klein and K. Roidot, Numerical study of shock formation in the dispersionless

Kadomtsev-Petviashvili equation and dispersive regularizations, Physica D, Vol.

265, 1–25, 10.1016/j.physd.2013.09.005 (2013).
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KP I
• same scaling in ✏ of the di↵erence between KP solution and dKP solution

at the critical point: ✏2/7

• dispersive shock for t� tc
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Contour plot
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KP II
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Generalized Kadomtsev-
Petviashvili equations

• generalized Kadomtsev-Petviashvili (gKP) equation, � = �1 gKP I, � = 1

gKP II

u

t

+ u

n

u

x

+ u

xxx

+ �@

�1
x

u

yy

= 0

• nonlocal equation, algebraic decrease towards infinity of the solution even

for rapidly decreasing initial data

• constraint Z

R
@

yy

u(x, y, t) dx = 0, 8t > 0

if not satisfied by the initial condition, solution not regular in t

• numerical study of blow-up by Wang, Ablowitz, Segur (1994)

• gKP I solitons (de Bouard, Saut 1997), unstable for n � 4/3

�cQ

zz

+
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+Q
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Dynamic rescaling
• coordinate change

⇠ =

x� xm

L

, ⌘ =

y � ym

L

2
,
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dt

=

1

L

3
, U = L

2/n
u

||u||2 invariant for n = 4/3

• rescaled equation
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• blow-up
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U

1
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• numerical instabilities due to algebraic decay of the solutions

C. Klein and R. Peter, Numerical study of blow-up in solutions to generalized

Kadomtsev-Petviashvili equations, Discr. Cont. Dyn. Syst. B 19(6), (2014)

doi:10.3934/dcdsb.2014.19.1689
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gKP I, critical case
n = 4/3, u0 = 12@

xx
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gKP I, critical case
n = 4/3, u0 = 12@

xx

exp(�x

2 � y

2
)

Mittwoch, 21. Oktober 2015



gKP I, supercritical case
n = 2, u0 = 6@
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exp(�x
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gKP I, supercritical case
n = 2, u0 = 6@

xx

exp(�x
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Conjecture
• for n < 4/3, the solution is smooth for all t.

• for gKP II, the solution is smooth for all t for n  2.

• for gKP I with n = 4/3, initial data with su�ciently small energy and

su�ciently large mass lead to blow-up at t⇤ < 1; asymptotically for

t ⇠ t⇤, the solution is given by a rescaled soliton where the scaling factor

L / 1/⌧ for ⌧ !1. This implies the blow-up is characterized by

||u||1 /
1

(t⇤ � t)3/4
, ||uy||2 /

1

t⇤ � t
. (1)

• for gKP I with n > 4/3 and gKP II with n > 2, initial data with su�-

ciently small energy and su�ciently large mass lead to blow-up at t⇤ <1;

asymptotically for t ⇠ t⇤, the solution is given by a localized solution to

the asymptotic PDE, which is conjectured to exist and to be unique, af-

ter rescaling where the scaling factor L / exp(⌧) for ⌧ ! 1 with  a

negative constant. This implies the blow-up is characterized by

||u||1 /
1

(t⇤ � t)2/(3n)
, ||uy||2 /

1

(t⇤ � t)(1+4/n)/6
. (2)
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Universality conjecture: 
hyperbolic case 

Behaviour of the solution near the critical point (xc, tc) when

x± = x� xc ± �c
±(t� tc)! 0 in the double scaling limit when ✏! 0

r�(x, t, ✏) = r�(xc, tc) + ↵✏
2
7 U

✓
x�

�✏
6
7
,

x+

�✏
4
7

◆
+ O(✏

4
7
)

r+(x, t, ✏) = r+(xc, tc) + �✏
4
7 U 00

✓
x�

�✏
6
7
,

x+

�✏
4
7

◆
+ O(✏

6
7
),

where ↵,�, � and � are constants and U(X,T ) solves the PI-2 equation,

X = TU �
✓

1

6

U3
+

1

24

(U2
X + 2UUXX) +

1

240

UXXXX

◆
.
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Universality conjecture: 
elliptic case

Riemann invariants r+ and r� are complex conjugate. Near the point of elliptic
umbilic catastrophe (xc, tc) the local solution to the perturbed Hamiltonian
system is approximated in the double scaling limit by

r+(x, t, ✏) = r+(xc, tc) + ↵✏
2
5 ⌦

✓
x� xc + �c

+(t� tc)

�✏
4
5

◆
+ O(✏

4
5 )

where ↵,�, � are constants and ⌦ is the tritronquée solution to the Painlevé I
equation ⌦⇠⇠ = 6⌦2 � ⇠ determined uniquely by the asymptotic conditions

⌦(⇠) ' �
r

⇠

6
, |⇠|!1, | arg ⇠| <

4
5
⇡.

Further conjecture: the tritronquée solution is pole-free.
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Conjecture: no poles in 
the sector |arg(z)|<4π/5

• harmonic function with tritronquée boundary data
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 Defocusing NLS
⇥0(x) = exp(�x2),

� = 0.5,

0 ⇥ t ⇥ 1,

u = |⇥|2
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 Defocusing NLS
⇥0(x) = exp(�x2),

� = 0.5,

0 ⇥ t ⇥ 1,

u = |⇥|2
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Focusing NLS
⇥0(x) = exp(�x2),

� = 0.1,

0 ⇥ t ⇥ 0.8,

u = |⇥|2
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Focusing NLS
⇥0(x) = exp(�x2),

� = 0.1,

0 ⇥ t ⇥ 0.8,

u = |⇥|2
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Quintic defocusing NLS
u

t

+ (uv)

x

= 0, v

t

+ vv

x

+ uu

x

+

✏

2

4

✓
u

2
x

2u

2
� u

xx

u

◆

x

= 0.

Riemann invariants r± = v±u. Initial data u(x, 0) = sech

2
x, v(x, 0) = �tanh

2
x.

Gradient catastrophe at t

c

= 3

p
3/4, x� = ln((

p
3 + 1)/

p
2) +

p
3/2) ⇠ 1.5245,

r

c

� = �2/3.

−1.55 −1.54 −1.53 −1.52 −1.51 −1.5
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x

r −

✏ = 10�2 ✏ = 10�3
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−1

−0.8

−0.6

−0.4

−0.2

0

x
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Focusing quintic NLS

−0.04 −0.02 0 0.02 0.04

1.35
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x

u

−0.3 −0.2 −0.1 0 0.1 0.2 0.3
0.9

1

1.1

1.2

1.3

1.4

1.5

x

u

✏ = 0.1 ✏ = 0.01
 0 = sechx

B. Dubrovin, T. Grava, C. Klein and A. Moro, On critical behaviour in sys-
tems of Hamiltonian partial di↵erential equations, J. Nonl. Sci., 25(3), 631–707

(2015).
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Blow-up
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 0 = sechx

cubic NLS quintic NLS

• unstable blow-up: || ||1 / 1/(t⇤�t), stable blow-up: || ||1 / 1/
p

t⇤ � t

• t⇤ � tc = 0(✏4/5
)

• pole for ✏! 0 given by pole of tritronquée solution
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Davey-Stewartson 
equation

•
i⇥u

t

+ ⇥2u
xx

� �⇥2u
yy

+ 2⇤
⇣
� + |u|2

⌘
u = 0

�
xx

+ ��
yy

+ 2 |u|2
xx

= 0

• integrable cases: � = ±1, ⇤ = ±1
- DS I, � = �1
- DS II, hyperbolic-elliptic, � = 1

• y-independent potential plus boundary condition at infinity: reduction to
NLS

• first numerical studies: White-Weideman (1994), Besse, Mauser, Stim-
ming (2004), McConnell, Fokas, Pelloni (2005)

C. Klein and K. Roidot, Numerical Study of the semiclassical limit of the Davey-

Stewartson II equations, Nonlinearity 27, 2177-2214 (2014).
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DS II
• mean field �: defocusing (⌅ = �1) and focusing case (⌅ = 1) di⇥erent

• elliptic operator for � can be inverted with periodic boundary conditions

• Sung 1995: initial data ⇧0 ⌅ Lp, 1 ⇥ p < 2 with Fourier transform
⇧̂0 ⌅ L1 ⇧ L1, smallness condition

||⇧̂0||L1 ||⇧̂0||L1 <
⇤3

2

 ⌃
5� 1
2

!2

no condition for defocusing case

• initial data u0 = exp(�x2 � ⇥y2): Sung condition

1
�2⇥

⇥ 1
8

 ⌃
5� 1
2

!2

⇤ 0.0477.

• Ozawa 1992: exact blowup solution for lump-like initial data
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Semiclassical limit
• semiclassical limit ( =

p
ue

iS/✏

, ✏! 0, D± = @

2
x

± @

2
y

)

(
S

t

+ S

2
x

� S

2
y

+ 2⇢D�1
+ D�(u) =

✏

2

2

⇣
u

x

x

u

� u

2
x

u

2 � u

y

y

u

+

u

2
y

u

⌘

u

t

+ 2 (S

x

u)

x

� 2 (S

y

u)

y

= 0

,

• defocusing case, u0 = exp(�2(x

2
+ y

2
)), S0 = 0
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Focusing semiclassical DS II 
system

• u0 = exp(�2(x

2
+ 0.1y

2
)), S0 = 0
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Symmetric initial data
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Defocusing DS II
u0 = exp(�x

2 � y

2
)

✏ = 0.1
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Defocusing DS II
u0 = exp(�x

2 � y

2
)

✏ = 0.1
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Defocusing DS II
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Defocusing DS II
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• t = tc: scaling of the di↵erence between semiclassical and DS II solution

proportional to ✏2/7

• t� tc: dispersive shock
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Focusing DS

� = 0.1

u0 = exp(�x

2 � 0.1y

2
)
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Focusing DS II
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• t = tc: scaling of the di↵erence between semiclassical and DS II solution

proportional to ✏2/5

• t� tc: dispersive shock for non-symmetric initial data
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Blow-up
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• finite time blow-up for symmetric initial data

• not as in Ozawa (|| ||1 / 1/(t⇤� t), but as in the stable blow-up for NLS
(|| ||1 / 1/

p
t⇤ � t)

• t⇤ � tc = 0(✏)
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